Abstract. For an odd prime p and a supersingular elliptic curve over a number field, this article introduces a fine signed residual Selmer group, under certain hypotheses on the base field. This group depends purely on the residual representation at p, yet captures information about the Iwasawa theoretic invariants of the signed p ∞ -Selmer group that arise in supersingular Iwasawa theory. Working in this residual setting provides a natural framework for studying congruences modulo p in Iwasawa theory.
Introduction
Iwasawa theory of Galois representations, especially those arising from elliptic curves and modular forms, affords deep insights into the arithmetic of these objects over number fields. The Iwasawa theoretic invariants, especially the µ and λ invariants, play a central role in this study. The Iwasawa theory for ordinary elliptic curves, and more generally for ordinary Galois representations, was initiated by Mazur in [Maz72] and Greenberg in [Gre89] . The corresponding theory for supersingular elliptic curves is subtler and was already begun by Perrin-Riou in [PR90] . In the last couple of decades, the supersingular Iwasawa theory has gained considerable momentum (see [Kob03, Pol03, IP06, LLZ10, Spr12, Kim13, Kim18, KO18] and references therein).
Greenberg and Vatsal investigated in [GV00] the behaviour of Iwasawa invariants for ordinary elliptic curves whose residual representations are congruent. The objects of study are the dual p ∞ -Selmer groups of the elliptic curves over the cyclotomic Z p -extension of the base field, which is assumed to be a number field. Specifically, let p be an odd prime and E i , i = 1, 2 be two elliptic curves over Q with good ordinary reduction at p. Greenberg and Vatsal prove that the vanishing of the µ-invariant for the dual p ∞ -Selmer group of one of the curves implies the vanishing for the other. Their study makes crucial use of a nonprimitive dual Selmer group, which has the same µ-invariant as the dual p ∞ -Selmer group. When the µ-invariants vanish, they also prove the equality of the λ-invariants for the non-primitive dual p ∞ -Selmer groups for E 1 and E 2 . However, they provide examples showing that the λ-invariants for the dual p ∞ -Selmer groups do not coincide. These results have been extended to the representations coming from higher weight modular forms by Emerton, Pollack and Weston in [EPW06] , and to more general base fields and Z p -extensions by, among others, Hachimori in [Hac11] and by Kidwell in [Kid18] . A crucial input in the study of p ∞ -Selmer groups in the ordinary case is a deep result of Kato (see [Kat04] ) which implies that the dual p ∞ -Selmer groups (and their non-primitive counterparts) are torsion modules over the Iwasawa algebra.
When E/Q is an elliptic curve having good, supersingular reduction at p, the dual p ∞ -Selmer group is no longer torsion. Kobayashi defined the signed p ∞ -Selmer in [Kob03] , making use of special subgroups of the local Mordell-Weil groups along the cyclotomic tower which were already considered by PerrinRiou. These signed p ∞ -Selmer groups are torsion over the Iwasawa algebra and display properties that are strikingly similar to those of the p ∞ -Selmer group in the ordinary case and come equipped with signed Iwasawa invariants λ ± , µ ± . Analogous results to those of Greenberg-Vatsal for these signed invariants were proved by Kim in [Kim09] , again making use of the notion of non-primitive Selmer groups. The study of signed Selmer groups for higher weight modular forms has been initiated by Lei, Loeffler and Zerbes in [LLZ10] through the theory of Wach modules, and extensions of Greenberg-Vatsal results in this setting can be found in [HL19] by Hatley and Lei. The definition of the signed Selmer groups has been extended to a broader class of number fields in [IP06, Kim13, KO18] . In this article we will mainly refer to Kitajima-Otsuki's paper. Our work sheds more light on the behaviour of the Iwasawa invariants for the dual signed p ∞ -Selmer groups of elliptic curves in the supersingular case. The results proved here are more general than those in [Kim09] .
The novelty in our approach is that we systematically work with the residual representation of a supersingular elliptic curve defined over a number field L satisfying certain conditions (see Section 2, in particular hypothesis Hyp 1 therein), instead of working with E p ∞ . In particular, we introduce a new Selmer group, attached to the Galois representation E p of p-torsion points of E, which we call fine signed residual Selmer group. It depends only on the isomorphism class of the residual Galois representation E p , yet captures the full Iwasawa-theoretic information about the µ ± -and the λ ± -invariants of the usual signed p ∞ -Selmer group. The group that we introduce is to be viewed as the residual, signed, analogue of the fine p ∞ -Selmer group introduced by Coates and the second author in [CS05] . In loc. cit. , the authors postulate a conjecture, referred to as Conjecture A, which asserts that the Iwasawa µ-invariant of the dual fine p ∞ -Selmer group over L cyc vanishes. It is pertinent to remark here that Conjecture A depends only on the residual Galois representation (see [Gre11] and [Suj10] ) and its formulation is independent of the reduction type at p of the elliptic curve. Working directly with the fine signed residual Selmer group provides a conceptual framework to explore the comparison of Iwasawa-theoretic invariants, when the residual representations are isomorphic. It also potentially provides the right context for explaining a plethora of congruences in arithmetic, such as the congruences between complex and p-adic L-values which occur when the residual representations are isomorphic. We hope to return to this subject of framing a residual Iwasawa theory in our future works.
The main results of this paper are Theorem 4.12 and Theorem 4.14. Under certain hypothesis Hyp 1 and Hyp 2, and assuming Conjecture A, Theorem 4.12 provides a criterion for the µ ± -invariant of the signed p ∞ -Selmer group to vanish, purely in terms of the fine signed residual Selmer group. We refer to the main body of the paper for its statement, because it involves some morphism whose definition is too technical for this introduction.
As an application of Theorem 4.12, the next theorem provides a criterion for the µ ± -invariant of the signed p ∞ -Selmer group to vanish, purely in terms of the fine signed residual Selmer group. In the following, denote by X ± ((E j ) p ∞ /L cyc ) the dual signed p ∞ -Selmer groups, as defined in [KO18, Definition 2.1] (see also Definition 3.6):
Theorem 4.14. Let E 1 , E 2 be two elliptic curves defined over L, satisfying hypotheses Hyp 1 and Hyp 2. Suppose that the residual Galois representations (E 1 ) p and (E 2 ) p are isomorphic.
Let µ
Then, for both choices of sign,
For each sign * ∈ {+, −} for which this vanishing happens, we also have
where δ E j is as in Definition 4.4 and ρ ± := ρ
is as in (35).
The first term ρ * in the above statement depends only on the residual representation and is independent of the sign. The second term δ E j depends on the structure of the local p-torsion of the elliptic curve over the first layer of the cyclotomic tower at the set of primes of bad reduction, together with the primes above p with ordinary reduction. We refer the reader to the main body of the paper for the precise definitions of these numerical invariants.
Our methods also show that the difference λ + − λ − depends only on the residual representation, a fact which was already observed by Kim in [Kim09, Remark 3.3] for L = Q. Proposition 3.8 and Proposition 3.9 are the key technical tools needed to show that the definition of the fine signed residual Selmer group depends only on the residual representation. They compare the reduction type at places above p of two residually isomorphic elliptic curve at primes above p, and are of independent interest. The first result relies on Honda-Tate theory and is a typical feature of supersingular reduction, while the second relies upon a result by Raynaud on finite flat group schemes killed by p.
In ongoing works we extend these results in the following different directions. First, to higher weight modular forms over the cyclotomic extension, second to multiple Z p -extensions, and finally to the multiply signed Selmer groups as well as non-commutative p-adic Lie extensions.
The paper consists of five sections, including this introductory section. In Section 2, we introduce notation and some preliminaries about the local structure of elliptic curves with supersingular reduction. In Section 3, we recall the main properties of plus/minus Kummer maps and Selmer groups, mainly building upon [KO18] , and we introduce the fine signed residual Selmer group. In Section 4, we study the Iwasawa theory of this group and state our main results. The final section presents some numerical examples that illustrate our results.
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Preliminaries
In this paper L denotes a fixed number field of absolute degree [L : Q] = N, and E/L is an elliptic curve defined over L. Throughout, p will denote an odd prime ≥ 3, S p denotes the set of primes above p in L and T p (E) will denote the Tate module of E. The following hypothesis is assumed throughout (cf. [KO18, Theorem 1.
Hyp 1
The curve E/L has good reduction at all primes in S p ; Denote by S ss ⊆ S p the set of primes above p where E has supersingular reduction.
(ii) S ss is non-empty; (iii) all primes p 1 , . . . ,
where E is the reduction of E modulo any of the prime ideals p 1 , . . . , p d and F p i denotes the residue field of p i . (v) The ramification index e(π) in the extension L/Q of every prime π ∈ S p where E has good, ordinary reduction, is at most p − 1.
Remark 2.1. Kitajima and Otsuki work in a slightly greater generality, allowing the supersingular primes to be simply unramified in L/Q, provided the curve is defined over a subfield where they split completely.
Points (i)-(iv) in Hyp 1 ensure that the signed Selmer groups are defined (see Section 3). Point (v) in Hyp 1 ensures that the fine signed residual Selmer group depends only on the residual Galois representation E p (cf. Proposition 3.8 and Proposition 3.9).
Let us set the notation that will be used in the paper.
Notation 2.2. The set S p of primes above p is the disjoint union S p = S ss ∐ S ord , where S ord = {π 1 , . . . , π s } is the (possibly empty) set of primes where E has good, ordinary reduction. Consider the cyclotomic
By Hyp 1, all primes p i ∈ S ss split in L, so they are all totally ramified in L cyc /L. Let p n,i denote the prime ideal of L n above p i , for 1 ≤ i ≤ d and let L n,i be the localisation of L n at p n,i . For ease of notation, we often suppress the index i since these fields, for fixed n, are all isomorphic to the nth layer of the cyclotomic extension of
We also need to consider the fields obtained by adjoining p-power order roots of unity to
is a primitive p n+1 th root of unity. For all n ≥ −1, we let m n be the maximal ideal of k n . In particular,
for all n ≥ 0, and we tacitly identify these groups throughout. Let S = S p ∐ S bad where S bad = {l 1 , . . . , l r } is the finite set of primes of bad reduction for E/L. The maximal extension of L unramified outside of S will be denoted L S . We usually write v or w to denote generic primes above S in an extension of L. Given an extension L ′ /L, we sometimes abuse notation and again denote by S the primes of L ′ above primes in S. When we need to specify the field, we write S * L ′ for * ∈ {∅, ord, ss, bad} to denote the sets of primes of L ′ above primes in S * . Given any field K ∈ {L n , L n,v , k n } (for some 0 ≤ n < ∞ and possibly some prime v ∈ S of L n ), its ring of integers will be denoted by O K ; when K is a local field, we further denote its residue field by 3. Plus and minus decomposition 3.1. The signed Kummer maps. The aim of this section is to gather some results about the plus/minus decomposition, mainly taken from [KO18] , which in turn relies on [Kob03] . Most of the results mentioned below are either well-known or easy adaptations to the finite Galois module of p-torsion points, of arguments which are normally stated for the divisible module of p ∞ -torsion points. We start with a general remark about vanishing of global torsion points for E along the cyclotomic extension.
Proposition 3.1. For every n ≥ 0, the torsion subgroup E(m n ) p is trivial. In particular,
and refer to κ ±,p t K as the signed Kummer map. Analogous signed Kummer exact sequence can be defined for the formal group E, as follows:
It is perhaps interesting to stress that the signed Kummer map defined in (5) does not arise as a connecting homomorphism in Galois cohomology. Indeed, E ± is only defined at the level of points for extensions in the cyclotomic tower and it is not a sub-representation of E, since in the supersingular case the local Galois representation E p ∞ is irreducible.
3.2. The signed Selmer groups. We use the notation introduced in 2.2. For generalities regarding the classical Selmer group for E p t /L n (for 1 ≤ t < ∞) and for E p ∞ /L n we refer to [CS10, Chapters 1 and 2]. They are defined as
where we isolate the local terms at primes in S ss for future comparison with signed Selmer groups. Passing to the limit over t, one defines
In the supersingular reduction case, the Iwasawa theory of the signed Selmer groups as initially defined by Perrin-Riou and Kobayashi respectively in [PR90] and [Kob03] is of particular interest. The residual signed Selmer groups are defined below and we postpone a larger discussion, from the Iwasawa-theoretic point of view, to Section 4. Our main reference is the work [KO18] by Kitajima-Otsuki.
, where, at an ordinary prime π,
Similarly, the usual signed Selmer group is defined as
The rationale for the nomenclature in this definition is that R ± E p /L n contains the usual fine Selmer group for E p . As the notation suggests, these fine residual signed Selmer groups only depend upon the isomorphism class of E p rather than on the curve E itself, at least when assuming Hyp 1. This is the content of Corollary 4.3, which relies on Proposition 3.8 and Proposition 3.9 below.
We start with the following technical lemma:
be the analogous surjection for the Galois representation E p ∞ . Then the following assertions hold.
Proof. Taking G-cohomology of the exact sequence
gives an exact sequence
is trivial thanks to Proposition 3.1 and assertion ii) follows. When G = G L n,l for some l ∈ S bad , the first term in (8) has
This shows that this dimension is bounded by 2, whence assertion ii).
Finally, when G = G L n,π for some π ∈ S ord , replace (7) by
to obtain an exact sequence
The first term in (9) is a F p -vector space of dimension bounded by dim
This finishes the proof.
Let us now move to the proof that the local conditions in the definition of the fine residual signed Selmer group depend only on the residual representation also for primes above p, beginning with supersingular primes. Under our standing assumption Hyp 1, E is supersingular at all primes p 1 , . . . , p d and the exact sequence (2) induces an isomorphism
On the other hand, the exact sequence (1) shows that the images of the signed Kummer maps κ
It is straightforward to check that these isomorphisms are compatible, and in turn induce isomorphisms
where F ss is the supersingular formal group whose logarithm log F ss is of Honda type t 2 + p. In particular, the isomorphism class of the formal group E is independent of the curve E, whenever the curve satisfies Hyp 1. Moreover, for every n there are two subgroups F ± ss (m n ) ⊆ F ss (m n ) defined by the same norm relations defining E ± (see Definition 3.2), but for points on the formal group F ss rather than E. Equivalently, they are defined as
Therefore, as subgroups of F ss (m n ), they are independent of E for all n ≥ 0. Moreover, there is an evident definition of the analogues of the signed Kummer sequence (6) for F ss and F ± ss instead of E. Combining (10) with (11) gives
, where the right-hand side does not depend on E. We summarise the above discussion in the following Proposition 3.8. Let E/L be an elliptic curve satisfying hypothesis Hyp 1. For all 1 ≤ i ≤ d and all n ≥ 0, there are functorial isomorphisms
) are independent of E, since the right-hand sides are.
Proof. The fact that the first isomorphism is functorial follows from Honda theory, which shows that the isomorphism between F ss and E is given by log E • exp F ss (see [Kob03, Theorem 8 
.3 (ii)]).
What remains to be proven is the analogue of the above result when replacing E p ∞ by E p , which is the module we are ultimately interested in. This is done in Proposition 4.1-d), as we move up the cyclotomic tower. Concerning ordinary primes, we have the following result.
Proposition 3.9. Let E 1 , E 2 be two elliptic curves defined over L satisfying hypothesis Hyp 1. Let S ss j (resp. S ord j ) denote the set of primes where E j has supersingular (resp. ordinary) reduction, for j = 1, 2. Then i) S ss 1 = S ss 2 and S ord 1 = S ord 2 . Denote these sets simply by S ss and S ord , respectively.
Proof. Starting with i), observe that an equality S ss 1 = S ss 2 will imply S ord
(by Hyp 1, both curves have good reduction at all primes in S p ). To show the claimed equality, pick a prime p ∈ S ss 1 . By Hyp 1, L p ∼ = Q p is absolutely unramified. Denote by E j the Néron model of E j . (see [Sil94, IV, Corollary 6.3] for the existence of this model). Note that the operations of passing to the generic (resp. special) fibre and of computing the kernel of multiplication by p are fibre products. Thus these two operations commute and, in particular, the generic (resp. special) fibre of the finite, flat 
as finite flat F p -group schemes. This shows that the elliptic cuve E 2 has supersingular reduction at p and S ss 1 ⊆ S ss 2 . By reversing the role of E 1 and E 2 , this yields S ss 1 = S ss 2 , as claimed. Passing to ii), let π be a prime where one, and hence both curves, have ordinary reduction. The assumption e(π) < p − 1 allows us to again apply [Ray74, Corollaire 3.3.6] and the isomorphism (12) holds again, where now E j denotes the Néron model of E j /L π . Taking closed fibres, we obtain
finishing the proof of the proposition.
4. Iwasawa theory for the signed Selmer groups 4.1. Cyclotomic fine signed residual Selmer groups. In this section we focus on the Iwasawa theory for the fine signed residual Selmer group introduced in Definition 3.6. Retaining the notation introduced in 2.2, 
When M is discrete, we say that it is cofinitely generated (resp. cofree, cotorsion, of corank equal to m ∈ N) to mean that M ∧ is finitely generated (resp. free, torsion, of rank equal to m) over the Iwasawa algebra. Observe that, given any co-finitely generated
which is an equality if and only if the µ invariant of M ∧ vanishes. Thanks to Lemma 3.4, there is an inclusion of subgroups in H 1 (L n , E p )
which will play a role in defining the Selmer groups. We display the subscript 1 ≤ i ≤ d to keep track of the local Galois cohomology groups, writing Im(κ
By taking the direct limit of the exact sequence (5) over the subextensions inside L cyc /L gives the exact sequences, for all 1 ≤ t ≤ ∞,
The following proposition is the main technical tool needed to compare local and global cohomology groups of the residual representation E p along the cyclotomic tower, with those of the representation E p ∞ . We refer to Lemma 3.7 for the definition of the arrows ψ in the statement below.
when w | v ∈ S bad ∪ S ord (in particular, these maps are independent of the sign ±).
for some w | π ∈ S ord , ψ w,cyc extends to a surjective map
Proof. The isomorphism in a) follows immediately from passing to the direct limit of the isomorphisms at finite levels, proven in Lemma 3.7-i). Similarly, the description of the kernels in b) follows from passing to the direct limit in Lemma 3.7-ii).
The proof of c) relies on the theory of deeply ramified extensions as defined by Coates and Greenberg (see [CG96] , in particular Theorem 2.13 ibid., noting that the cyclotomic Z p -extension is deeply ramified). Consider the exact sequence
where A is the formal group of E/O L cyc,π . Then the long exact G-cohomology sequence gives
and it will be enough to show that H 2 (G, A p t ) = 0 for all t ≥ 0. This follows from the fact that G has p-cohomological dimension 1 (see [Ser94, proof of Proposition 9, Chapitre II, §3.3]).
Thus we obtain from (14) an isomorphism
By [CG96, Proposition 4.3 and diagram (4.8)], we further have
It follows that the surjective arrow ψ w,cyc :
and its kernel is finite, of F p -dimension less or equal to 1, by Lemma 3.7-iii).
The equality of Ω(Γ)-coranks in b) and c) follows from the fact that a finite module has trivial Ω(Γ)-rank.
Now, the map ψ ± p , cyc , defined as the composition of ψ p , cyc with reduction modulo Im κ
, appears in the following diagram of exact sequences:
The first vertical arrow is an isomorphism in light of (16), and the second vertical arrow is an isomorphism thanks to a). The snake lemma implies that ψ ± p,cyc is injective and coker(ψ 
and therefore coker(α) is contained in
Since E ± (L cyc ) ⊗ Q p /Z p is divisible, the above module is trivial, establishing the surjectivity of α and thus of ψ ± p,cyc . This finishes the proof of the proposition.
Let us now pass to Selmer groups. We refer to [CS10, Chapter 2] for generalities on Iwasawa theory for elliptic curves over cyclotomic extensions and, in particular, for the definitions of the groups Sel(L cyc /E p ∞ ) in the ordinary case.
Definition 4.2. The fine signed residual Selmer group
and the usual signed Selmer group is defined as
The groups R ± E p /L cyc are discrete Ω(Γ)-modules, whose Pontryagin duals are compact, finitely generated over Ω(Γ). Similarly, the groups Sel ± E p ∞ /L cyc are discrete, cofinitely generated Λ(Γ)-modules.
where, as in Proposition 4.1, we set κ
for all w | v ∈ S \ S ss . By definition, the fine signed residual Selmer group (resp. the usual signed Selmer group) give the following exact sequences:
As a consequence of the results in Section 3, we can now check that the local conditions ± K v (E p /L cyc ) depend only on the residual representation E p . This is immediate at all l ∈ S bad , and follows from Proposition 3.9 at all primes π ∈ S ord by taking inductive limit along the cyclotomic tower. Concerning primes p ∈ S ss , this independence follows from combining Proposition 3.8 with the isomorphism in Proposition 4.1-d). The fact that the local conditions depend only on the residual representation implies that the same holds for the fine residual signed Selmer group. We record this as Corollary 4.3. Let E 1 , E 2 be two elliptic curves over L satisfying Hyp 1 such that (E 1 ) p ∼ = (E 2 ) p . Then
Kim considers in [Kim09] the primitive and non-primitive Selmer groups along the lines of [GreVat00]. Corollary 4.5 below is the analogue of [Kim09, Proposition 2.10] for the fine signed residual Selmer groups. In order to state it, let us introduce a final notation. For all w | v ∈ S bad ∪ S ord , let g v be the number of primes w lying above v in L cyc . Further, for v = l ∈ S bad and q | l in L cyc , denote by L 1 q the first layer of the cyclotomic extension L cyc,q /L l . Note that L 1 q is also the unique unramified extension of degree p of L l . Recall that, for any place v, the residue field at that place is denoted by F v .
Definition 4.4.
For all l ∈ S bad , choose a place q of L cyc above l. We define the defect of E as
Corollary 4.5. There are injections
Moreover, when ξ ± p is surjective, dim F p coker(ϕ ± ) = δ E , independently of the sign ±.
Proof. Consider the commutative diagram
The central vertical arrow is an isomorphism thanks to Proposition 4.1-a). The local arrows ϕ ± v can be decomposed as
and each ϕ ± w is induced by the corresponding arrow ψ w,cyc of Proposition 4.1. More precisely,
Indeed, the first equality
Similarly, the fact that ψ
and is an isomorphism follows from Proposition 4.1-d).
By applying the snake lemma to (20) we see that 
which is an equality if ξ ± p is surjective. To prove the statement of the corollary, we need to show that dim
and
The equality in (23) simply follows from the fact that the inertia degree of every p-adic prime is 1 along the Z p -cyclotomic L cyc /L, whence F w = F π .
Concerning (22), we argue as follows
) p has no non-zero fixed point under the action of the pro-p-group Γ = Gal(L cyc,q /L l ), and must be trivial.
The assumption that dim F p E(L cyc,q ) p = 2 implies that the action of Γ in Aut E(L cyc,w ) p induces, upon fixing a basis, a 2-dimensional linear representation
q ) p also in this case, and concludes the proof of the corollary.
Cassels-Poiutou-Tate exact sequence and Iwasawa cohomology. For
These modules clearly admit signed versions, defined as
Similarly, the duals of the fine signed residual Selmer groups are defined as
Both X(E p ∞ /L cyc ) and X ± (E p ∞ /L cyc ) are finitely generated compact Λ(Γ)-modules and it follows from Corollary 4.5 that the Ω(Γ)-modules Y ± (E p /L n ) are finitely generated. Further, Corollary 4.3 implies that they only depend upon the isomorphism class of E p . As a last piece of notation, suppose that K ∈ {L n , L v , L n } for some 0 ≤ n < ∞, and retain notation from (2.2): in particular,
Iwasawa cohomology modules H i
Iw (K, M) (for all i ≥ 1) are defined as the projective limit, with respect to corestriction maps
For consistency with the notation for usual cohomology, when K = L n we write
The reader is referred to [PR92, §3.1] for generalities about Iwasawa cohomology. In particular, the above Λ(Γ)-modules are known to be trivial for i = 1, 2.
A fundamental tool for the study of the Iwasawa theory of Selmer groups is the Cassels-Poitou-Tate exact sequence, for which we refer to [CS10, Theorem 1.5] and which we now briefly recall. Fix n ∈ N and consider the self-dual module M = E p . Put
where A π denotes the formal group of E/O L π . These coincide with the local conditions in Definition 3.6, so that R ± E p /L n sit in the exact sequences (one for each sign ±)
This gives two Cassels-Poitou-Tate exact sequences
where the final 0 comes from Proposition 3.1. In order to study to the limit, as n → ∞ along the cyclotomic tower, of the Cassels-Poitou-Tate sequences, consider the group
This is a Ω(Γ)-module whose relevance for our study comes from the following observation (cf. [LS18, Lemma 2.6 and Remark 2.7], where the case of an elliptic curve with ordinary reduction at p is considered):
Lemma 4.6. There is an isomorphism
Moreover, the group
Proof. The displayed isomorphism simply follows from the definition, since
To show that S ± (E p /L cyc ) is a free Ω(Γ)-module, note that Jannsen's spectral sequence [Jan14, Corollary 13] takes the form
By Proposition 3.1, E p,0
In particular, the first Iwasawa cohomology group of E p is torsion-free over Ω(Γ), and hence free since Ω(Γ) is a PID. By taking projective limit, with respect to corestriction, of the inclusions
, we obtain an injection
Since Ω(Γ) is a principal ideal domain, a submodule of a free module is itself free, finishing the proof.
Given two subextensions L ⊆ L n ⊆ L m ⊆ L cyc , consider the corresponding exact sequences (24) . The restriction map on cohomology induces morphisms between the first three (resp. the last two) terms. A standard argument in local Tate duality shows that connecting the fourth terms via the Pontryagin dual of corestriction
of (24), gives commutative diagrams of exact sequences. By taking the direct limit over n, Lemma 4.6 gives exact sequences
where the morphism ξ ± p and the Ω(Γ)-modules ± K v (E p /L cyc ) where introduced in (18). We go back to the study of R ± E p /L cyc . Unlike the ordinary case, the full Selmer group
is not Λ(Γ)-cotorsion, in general. Indeed, as is discussed in the proof of [CS10, Theorem 2.6], each local term H 1 (L cyc,i , E) p ∞ has Λ(Γ)-corank equal to 0 or 1 depending on the reduction type of E/F p and this ), at supersingular primes. This has the effect that the corresponding signed Selmer group is potentially a cotorsion module over the Iwasawa algebra. We follow the same strategy, replacing E p ∞ by E p , and replacing signed Selmer groups by their fine residual versions.
Rank computation.
To approach R ± E p /L cyc , the main objects of study will be the maps ξ ± p appearing in the exact sequence (25). We will ultimately relate the surjectivity of ξ ± p to the structure of X ± (E p ∞ /L cyc ) as a Λ(Γ)-module (see Theorem 4.12). In this direction, the following hypothesis (which is condition (vi) in [KO18, Theorem 1.3]) is crucial:
Hyp 2
The Λ(Γ)-modules X ± (E p ∞ /L cyc ) are torsion and hence each admits two structural Iwasawa invariants, which we denote by λ ± and µ ± .
The exact sequence which is crucial in our approach is (25). Concerning the term H 2 (G S cyc , E p ) in it, Coates and the second author have proposed in [CS05] the following
The original formulation of Conjecture A in loc. cit. is that the dual fine Selmer group Y(E/L cyc ) over L cyc (see [CS05, §3] for its definition) is a finitely generated Z p -module. Note that this is equivalent to Y(E/L cyc ) being Λ(Γ)-torsion, and having µ-invariant equal to 0. The next proposition relates the two formulations, and shows that Conjecture A implies the Weak Leopoldt Conjecture (see Remark 4.8 below). Let us now pass to the study of Ω(Γ)-coranks of some cohomology groups, which will turn out to be a key step in the proof of our main result. In Lemma 4.9, global cohomology and local cohomology at primes where E does not have supersingular reduction are considered. Then, in Lemma 4.10, supersingular primes are treated.
The vanishing of H
Lemma 4.9. Let v ∈ S \ S ss and let w | v be a place in L cyc that lies above v. Then,
) have µ invariant equal to 0.
iii) Assuming Conjecture A, the Pontryagin dual of H 1 (G S cyc , E p ∞ ) has trivial µ invariant as well. As a consequence,
and, assuming Conjecture A,
Proof. We start with local cohomology, and let v ∈ S \ S ss be any prime. Greenberg proves in [Gre89, Propositions 1 and 2] that the groups H 1 (L cyc,w , E p ∞ ) are cofinitely generated: this implies, in particular,
) are cofinitely generated as well. Moreover, we claim that the exact sequence (7) induces
The H 2 -term in the above sequence vanishes because G L cyc,w has p-cohomological dimension 1, as observed in the proof of Proposition 4.1.
The fact that multiplication by p is surjective on H 1 (L cyc,w , E p ∞ ) shows that this module is p-divisible, and thus the same holds for the quotient
). Observe now that this divisibility is equivalent to their Pontryagin duals having no p-torsion and, in particular, to having trivial µ invariant. This establishes points i) and ii).
When Conjecture A holds, the same argument as above shows that multiplication by p is surjective on H 1 (G S cyc , E p ∞ ), whence iii). By Proposition 4.1-a) (resp. Proposition 4.1-b)), the Pontryagin duals of the Ω(Γ)-modules
and H 1 (L cyc,w , E p ∞ ) p for some w | l ∈ S bad ) have the same rank. Now equations (27) and (29) follow from assertions i) and iii), respectively, along with the structure theorem for finitely generated Λ(Γ)-modules. Similarly, combining Proposition 4.1-c) with ii) yields (28).
We finish the study of Ω(Γ)-coranks of cohomology groups by analysing what happens at supersingular primes. Our argument is the analogue, modulo p, of [KO18, Proposition 3.32].
Lemma 4.10. For each choice of sign ±, the Ω(Γ)-module
is finitely generated and free of rank 1.
Proof. The statement will follow once we prove that
is free of rank 1 as Λ(Γ)-module, thanks to Proposition 4.1-d).
The freeness claimed in (30) follows from [KO18, Lemma 3.31]. Indeed, The following Proposition is essentially well-known in the ordinary case, and it has already been proven by Iovita-Pollack in the supersingular case under the assumption that E is defined over Q, and p splits completely in L/Q (see [IP06, Proposition 6 .1]).
Proposition 4.11. Suppose that Conjecture
Proof. The proof is an adaptation of [CS10, Proof of Theorem 2.6]. We first compute the left-hand side of the first equality. In [Gre89, Proposition 3] Greenberg proves that both H 1 (G S cyc , E p ∞ ) and H 2 (G S cyc , E p ∞ ) are co-finitely generated over Λ(Γ) and further
Here r 2 is the number of complex places of L and, for each real place v of L, we denote by d − v the dimension of the (−1)-eigenspace for a complex conjugation above v acting on T p (E) ⊗ Q p . By Proposition 4.7, the H 2 -term vanishes and, by the Galois invariance of the Weil pairing, we know that
Passing to the computation of the local coranks, let first π ∈ S ord . By [CS10, §2.13] (which applies here, thanks to our convention that κ
Hence equation (28) of Lemma 4.9 yields
Consider now a prime p i ∈ S ss . Lemma 4.10 implies that
Combining (31) and (32), we find
Now suppose that l is a prime in S bad and let q be an extension of l to L cyc . Greenberg proves in [Gre89,
Hence (27) of Lemma 4.9 implies
corank Ω(Γ)
This completes the proof of the proposition.
Main results.
We are now in a position to state and prove our main result. Recall the exact sequence (25)
and consider the projection
, as the composition pr
Theorem 4.12. Under our standing assumptions Hyp 1 and Hyp 2, the following assertions are equivalent:
a) ξ ± p is surjective and Conjecture A holds; b) ϑ ± p,S p is surjective and Conjecture A holds;
Proof. To show that a) ⇒ c), take Pontryagin duals of the short exact sequence
By Proposition 4.11, the first two terms have the same Ω(Γ)-rank, so the third is Ω(Γ)-torsion and c) follows. Also, when a) holds, the composition ϑ
. To show that c) and d) are equivalent, we first observe that a finitely generated torsion Λ(Γ)-module M has trivial µ-invariant if and only if M/pM is a torsion Ω(Γ)-module. On the other hand, taking Pontryagin duals of the injection of Corollary 4.5 shows that the kernel of
is finite, showing the equivalence between c) and d).
We are left with the implications c) ⇒ a) and b) ⇒ a). Since c) ⇒ d) ⇒ Conjecture A, and b) contains Conjecture A, we can assume from now on that H 2 (G S cyc , E p ) = 0. In particular, the sequence (25) becomes
and Proposition 4.11 yields
Assuming c), it follows that We denote by
It clearly depends only upon the isomorphism class of E p and not on E itself.
Remark 4.15. As already observed in Corollary 4.5, the quantity δ E is independent of the choice of sign in {+, −}. In particular, for elliptic curves satisfying Hyp 1 and Hyp 2 and such that both their signed µ-invariants are 0, the difference of the signed λ ± -invariants depends only on the isomorphism class of the residual representation. The concrete way in which this result will be applied later, is the following. Suppose we are given a family of elliptic curves (satisfying Hyp 1 and Hyp 2) with the property that their residual representations are isomorphic. If one member A in the family satisfies µ + A = µ − A = 0, then for all other members E in the family, we obtain µ ± E = 0 and the difference of signed Iwasawa invariants λ
E for all curves E in the family. Proof. Observe first that if µ * E j = 0 for one sign * ∈ {+, −} and one curve E j , then Conjecture A holds for both curves, thanks to Proposition 4.7. Moreover, Proposition 3.9-i) shows that the sets S ss and S ord consisting of primes of supersingular (resp. ordinary) reduction for E 1 and E 2 coincide.
Fix an isomorphism (E 1 ) p ∼ = (E 2 ) p and consider the maps
defined before Theorem 4.12. For all w | π ∈ S ord , the chosen isomorphism induces an isomorphism between the H 1 (L cyc,w , ( E j ) p ) (for j = 1, 2) by to Proposition 3.9-ii). Similarly, at every prime in S ss , Proposition 3.8 gives an isomorphism between the groups 
On the other hand, taking Pontryagin duals in Corollary 4.5 gives an exact sequence
where V j is an F p -vector space of finite dimension. Since we are assuming µ * E j = 0, Theorem 4.12 implies that ξ * (E j ) p is surjective and therefore, again by Corollary 4.5, we have dim F p V j = δ E j . Taking lengths in (38) gives
and this finishes the proof.
In the next two corollaries, we consider the main setting of Theorem 4.14. Thus, let E 1 , E 2 be two elliptic curves defined over L satisfying hypotheses Hyp 1 and Hyp 2, and such that the residual Galois representations (E 1 ) p and (E 2 ) p are isomorphic, so ρ
:= ρ ± . By Proposition 3.9-i), the set S ord of p-adic primes where the curves have good, ordinary reduction, coincide. Further, we assume that µ * E 1 = 0 for one symbol * ∈ {+, −}, which is equivalent to assuming µ * E 2 = 0 by Theorem 4.14. Moreover, either implies that Conjecture A holds for both curves, again by Theorem 4.14. and S bad 2 , be the sets of primes of bad reduction for E 1 and E 2 , respectively. If, for both indices j ∈ {1, 2}, we have E j (L v ) p = 0 for all v ∈ S ord ∪ S bad j , then
Proof. Recall from Definition 4.4 that (39)
where q is a prime in L cyc above l.
The same argument as in the proof of Corollary 4.5 shows that the condition E j (L l ) p = 0 is equivalent to E j (L cyc,q ) p = 0 for all q | l. In particular, the hypothesis of the corollary imply E j (L 1 q ) p for all q | l. Similarly, there are surjections
Hence all terms in (39) vanish and δ E 1 = δ E 2 = 0. The corollary follows from (37).
Recall that, given a prime v ∈ S, we denote by g v the number of primes w | v in L cyc .
Corollary 4.17. Suppose that E 1 is a CM curve. Then
Remark 4.18. The interest of Corollary 4.17 lies in the fact that the quantity in parenthesis is constant along families with isomorphic residual representation at p. Moreover, the final sum in the right-hand side only depends on the groups E 2 (L l ) p (for l ∈ S bad 2 ) and not on the behaviour of p-torsion along the local cyclotomic towers. As we shall see in the proof, the corollary still holds only assuming that the image of Gal(L/L) inside Aut (E 1 ) p ⊆ GL 2 (F p ) is contained in the normalizer of a Cartan subroup, which is certainly the case when E 1 is CM.
Proof. Since E 1 is CM and p ≥ 3, the image of Gal(L/L) inside Aut (E 1 ) p ⊆ GL 2 (F p ) is contained in the normalizer of a Cartan subroup. In particular, it contains no element of order p, and the same holds for the image of Gal(L/L) inside Aut (E 2 ) p because the representations are isomorphic. It follows that, for all q | l, the pro-p-group Γ = Gal(L cyc,q /L l ) acts trivially on E 2 (L cyc,q ) p , and dim
The corollary follows from (37), combined with Definition 4.4.
Numerical Examples
Our class of examples comes from the work [RS95] . Both for p = 3 and p = 5, Rubin and Silverberg define, for each D ≡ 0 (mod p), a family parametrised by 1 t ∈ Z. All curves in the families have good, supersingular reduction at p and isomorphic residual Galois representations. In particular, the reduction type is constant along families and, since all curves are defined over Q, in all cases S ord = ∅. Finally, observe that Rubin-Silverberg's construction shows that all family contain a CM member, and so Corollary 4.17 applies. For all choices of (p, D), the strategy will be to 1. Find one curve A in the family for which the Iwasawa invariants µ ± A and λ ± A have been computed in [LMF13] and such that µ ± A = 0. In practice, we take for A the CM curve corresponding to the parameter t = 0. 2. Apply Theorem 4.14 (see in particular Remark 4.15) to deduce that µ ± = 0 for all other members in the family. In particular, Conjecture A holds for the whole family, by Proposition 4.7. 3. Deduce from formula (37) for λ ± -invariants that ρ 
for all E in the family. 5. The key step is to find elliptic curves E in the family satisfying a p (E) = 0, to ensure that Hyp 1 holds. Note that this is only needed when p = 3, because when p = 5 the condition a 5 (E) = 0 is automatically satisfied by the Hasse bound. Since all our examples are defined over Q, Hyp 2 is always satisfied by [Kob03, Theorem 1.2]. 6. Choosing any curve as in (5.), we compute the F p -dimension of E(Q ℓ ) p at all primes ℓ ∈ S bad , together with the number of primes in Q cyc above ℓ, to find the numerical value of δ E and hence of λ ± E .
1 Actually, the parameters in the families can vary in Q, but are required to be p-integral to define curves with good reduction at p. In our examples, we will restrict to t ∈ Z We will consider the families attached to D = 1, −1 for p = 3, and the families attached to D = 3 and D = 14 for p = 5. Our source of numerical data is [LMF13] . Labels of elliptic curves follow Cremona's tables as in [LMF13] , when available (i. e. for discriminant less than 500.000 as per October 2019). The computations have been made in SAGE
